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N-electron wave functions for a strong ligand field of symmetry D ., were derived in the complex
region, their transformation properties were studied and the particle-hole relation discussed.
Further the matrix elements of the spin-orbit interaction operator and of the Zeeman magnetic
interaction operator were calculated and on their basis formulas for the magnetic susceptibility
or the effective magnetic moment were derived for d'-, d>-, ds-, and d°-sandwich complexes.
Knowledge of the magnetic susceptibility at room temperature for d?*-electron systems with
kT/{ ~ 1-3 is not sufficient to make conclusions as to the orbital character of the ground state.
Known values of effective magnetic moments of certain sandwich complexes were compared
with theoretical ones and the spin-orbit interaction and magnetic susceptibility of nickelocene
were calculated. The agreement between theory and experiments is very good in all cases.

Theoretical studies of optical and magnetic properties of complex compounds having an octa-
hedral or tetrahedral symmetry, or an approximately cubic symmetry with components of a lower
symmetry have been from the point of view of the method and formalism of the ligand field
theory substantially completedI ~9 Besides this type of complex compounds, which can be denoted
as cubic complexes, there exist many complexes whose symmetry group is neither Oy nor Ty
nor a subgroup Ou(T4). We have in mind mainly the so-called sandwich complex compounds,
which can be classified according to their symmetry group D, or its subgroups (the so-called
axial model of sandwich complexes). The most well-known of them are the so-called metallo-
cenes {and their carborane analogues) which were studied recently both experimentally and
theoreticallylo" 17 The application of the ligand field theory to the known sandwich complexes
has been nearly as successful as in the case of cubic complexes, but the study of the former can-
not be considered as finished. Krieger and Voitlander!8-1? attempted to elucidate unsuccess-
ful EPR measurements of some metallocenes and to interpret others (manganocene, cobaltocene)
on the basis of their molecular orbital calculations combined with the ligand field theory. Am-
meter and Swalen?? studied in detail the electron structure of cobaltocene, Thomas and Hayes21
showed that dicyclooctatetraenyl vanadium(IV) and cyclooctatetraenyl (cyclopentadienyl)
titanium(III) are also sandwich complexes, Pavlik and coworkers?? studied the bonding in the
carborane analogue of nickelocene, Ni(BqC,H, )3, Levenson and Dominguez?® used the axial
field formalism to study pentagonal bipyramidal complexes with the coordination number 7.
Several authors were concerned with the ferricenium cation“'zg, the spectra of some d®-sand-
wich complexes were studied with regard to the “‘complete” ligand field theory (neglecting the
spin-orbit Coupling)zg. Veillard and coworkers>® carried out an interesting ab initio molecular
orbital calculation of the ferrocene molecule which is partially at variance with common concepts
about the relative sequence of the highest occupied levels in metallocenes.
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The ligand field theory has been very little employed in problems of spin-orbit
interaction and magnetic properties of sandwich complexes. Only DeKock and
Gruen’! calculated the spin-orbit interaction for axial d*(d®) electron systems in the
weak ligand field approximation, which is not very suitable for metallocenes and
other sandwich complexes since their ground state corresponds more to that cor-
responding to a strong ligand field. We therefore calculated the complete matrices
of the spin-orbit interaction operator and magnetic operator L + 2S for d'(d°)
and dz(ds) electron systems in a strong ligand field, derived general relations valid
for the application of the ligand field theory to noncubic complexes and formulas
expressing the dependence of the magnetic susceptibility or effective magnetic mo-
ment on the temperature. These formulas and the magnetic susceptibility of nickelo-
cene!!"1232 are discussed from the point of view of the ligand field theory in the
practical part (see Magnetic Susceptibility).

THEORETICAL

The problem to be solved is the determination of the influence of an axial ligand
field, V,x, on a central d~ ion!®. If we take into account the spin-orbit coupling
characterized by the operator

JKSO =

f("i) (1 si) ) (1)

T =

the solution of this problem is given by the solution of the Schrédinger equation
with the Hamiltonian '

N hZ Z 2 N 2
yfozz{——-v,?—“fe}+zf—+ Vi + #eso . (2)

i=1 2m r; i<jr

After applying a constant external magnetic field H, the following term is added

N
to the Hamiltonian if we neglect a small diamagnetic contribution (e?/8mc?)y .
- |Hxr|?: =1
#, = B(H, L +25), ~ (3)

where f§ denotes the Bohr magneton, and the eigen values of the operators L and S are
expressed in F units.

The matrix elements of the operator #, — # ., inthe strong axial ligand field ap-
proximation can be obtained in several ways!~7-*3. They are known for all values
of N (for N =2 and 8 they are given in ref.’>-'* for N = 3 and 7 in ref.!®, for
N = 4and 6 inref.?®, and for N = 5 they were calculated by the author®#). To obtain
the complete solution of our problem, it remains to determine the matrix elements
of the operators (/) and (3).
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d*-, d*-, d®-, and ¢°-Sandwich Complex Compounds 1831

Wave functions. Similarly as Griffith?-3, we shall solve the given problem in a com-
plex coordinate system. We define the complex one-electron wave function as follows
(ref?, p. 31):

IR

J2 2

lekg 1 =- lekg s, |a1g 0> = |a1g o,
t

i
= —legg > +
V2

V2

where k = 1 or 2 and the meaning of symbols is given, e.g., in ref.'®

]ekg -1 |ekg O ()

N-electron wave functions, IaNSFMm>, where a = e,,, a,, or e, were composed
from functions (4) according to the equations (7,1)—(7,6) in ref.*, p. 5961, and are
given in Table I. From these it is possible to compose by the known procedure?-?
the N-electron wave functions [wST'Mm}, where » = e32ajsefs and N = n, + n, +
+ n,;. The necessary coupling coefficients in the complex coordinate system,
<abij | ck), are defined as

Cabij | cky = A1%(c) V(_‘Z _? Ii) . (5)

The meaning of symbols and tables of the V coefficients for the group D, are given
in ref.?, p. 124. The properties of the V coefficients are chosen so as to preserve the
invariance of the reduced matrix elements, {a H g° H b, of the operator g with respect
to transformation from the real to the complex coordinate system (ref.3, p. 19-21
and 31). From the properties of the V coefficients and Eq. (5) follows

abij | cky = (—1)"*"* ¢ (baji | ck)y =
={-1**"*lab—i—jle—k)={ab—i—j|c—k¥*=

= (=) (= 1o ) ABIY Cac ~ ik | B = ..., (6)

where the asterisk denotes complex conjugation, and
(=1*=1 for a=A, or E, irreducible representation of group D, ,

(=1 =—1 for a=A4,, {—1}*=1 for a=4,,
{—1}*=—1 for a=4, or E,. (7)
Transformation properties. N-electron wave functions, \wSFMm>, are trans-
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r

formed according to the irreducible representations I'" of the double group* D/ ,;
for I = E,, , (the subscripts g, u will be ommitted in further text) or E, (k = 1, 2, )
ism' = +1, for [" = A, or A, is m" = 0. To find the transformation properties
of these functions, use can be made of the fact that only the following operators
enter among the transformation operators g of the group D..,:

Col2)s Col&) 1 ous aul&y)s Su(2), R (8)

TaBLE 1
N-Electron Wave Functions |aN SI'M m in Complex Region

Configuration Function

€ PEpel 1) =—i22%)=")
PEL—1>= i2-2%y=]")

e§g ]3A231 0= 2%t —2%|=iluT p?|
["45, 0 0) = /22" =27 — 27 —2* [} = Ja/){u* v7| — |u” o7}
['Eg 0 1) = —il2" 27| =ilu™ u7| "
'"Eg 0—1) = i[—2% —27|=—i[p* v7|

€3¢ ]zEzg% D= ip2t27 —2%|=—|uF u” v
|2E2g—§—~1>:—~i|2+ 2t 2T | =—|uT 0T T

€3 |1A1g0 0>=—2% 27 2% 27 |==—|ut u" uF 07|

aty ‘4153 0> = [20%)=[a")

a%g |2A1g0 0= 070" ]=la" a"|

ely |jE1gé 1) = ll21+>+Elp+>+
PEjg 3 =1>= i2—-17) =|¢7)
3 . _—

el |1A2g1 o>:—-1|1+—1:f| :1+|p+ q+1— B . . .
['45,0 0= A/~ —1¥]—N* =17} =J0/2{p ¢ |—p"a"|}
B, 0 1>=—ill* 17| =ilp*p~

2g

'E,, 0—1)= il—1" —17[=—il¢" ¢7|

el PEgd D= 717 —17[=p"p" ¢"|
PEg 3 —10= 17 =17 —17|=~]p" q" q"|

et, 14,0 0= —[1*17 —1* —17|=—|p" p~ ¢ q7|

* Since characters of this group are not tabulated in the available literature, we calculated
such a table (see Appendix).
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dt-, d*-, d®-, and d°-Sandwich Complex Compounds 1833

Here y denotes the angle between the unit vector £, thr(iugh which the rotation
axis Cj or plane o4 passes, and the x axis. As a result of these operators acting on the
position vector r, its spherical coordinates & and & change according to the scheme
given in Table II (second and third row). If the functions I4(g), Io(g), and Ig(g) are
defined according to Table IT (4—6th row), the action of the operators (8) in the spin
and coordinate spaces on the N-electron wave function |wSF Mm) can be expressed
by the general formula (the argument g is omitted for simplicity):

gloSTMm) = (I)N (Ig)M e (I )N -S+MAT

exp { —i[Is(M + kym)] A®}| wST(IgM) (Igm)) . 9)

Here A® = &' — I,(g) ®, @' is the spherical coordinate of the position vector r after
transformation (Table 11, second row), kr = 0 for I' = A, or 4,, and k, = k for
I =E,(k=12,...). In the special case I' = A, (m = 0), Eq. (9) gives the trans-
formation properties of pure spin functions. The transformation properties of func-
tions in the coordinate space only are given by the equation

glwSIMm) = (I} {Io}" exp {— il o(kym) A} wSTM(Iym)) . (10)

In the derivation of Eqs (9) and (10), use was made of the properties (6) of the coupling
coefficients. The number of electrons, N, does not occur explicitly in (10) since the
functions (4) are even. In the explicit formulation, Eqgs (9) and (10) would involve
the factor (I,)"!, where [ is the azimuthal quantum number.

From the known transformation properties of the functions !coSTMm> we can
easily find their linear combinations that are transformed according to the standard
representation of the group D/, (see Appendix). From the comparison of the trans-

TanLe 11

Definition of Functions Iy(g), Ig(9), Ix{¢) and Change of Spherical Coordinates @ and @ of the
Position Vector r

R C Gy 1 o oalE;) Syl2)

@— @ = & ) 2y — & D47 7 29— & DL g
O— O = @ @ n— @ n-— @ T— @ (2] T— ©
Iy = 1 1 -1 1 1 —1 1
Ig = 1 1 —1 —1 —1 1 —1
Ix S 1 1 1 ~1 1 —1
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formed functions |¥,)> = |wSE,Mm) and |¥,> = |wSE, — M — m) with the
definition of the standard base of the group D_, follows:

If M is a whole number (i.e., N even) and M + km > 0, then the standard base
of the irreducible representation E,, of the group D, where l = M 4 km, is formed
by the functions ¥, and ¥, for S — M even, and by ¥, and — ¥, for S — M odd.

If M is a whole number and M + km = 0, then the bases of the irreducible

representation A, and 4,, of the group Dy are formed, respectively, by the functions
1 s
410> = {190+ (=1 ),

|42 0) = _}E”‘Pl) — (1))
Y

If M is a half integer (i.e.,N odd) and M + km > 0, the standard base of the ir-
reducible representation Ej, of the group D/ ;, where 1 = M + km + 1, is formed
by the functions ¥, and ¥, for S — M odd, and by ¥, and — ¥, for S — M even.

Analogously, for the functions |®,> = |wSA,00),|®,> = |wSAM 0> and
|6, = |wSA4, — M 0) (k = 1,2; M > 0) it follows:

If M is a whole number, then the standard base E,,, where | = M, is formed
by the functions ¢, and @, for S — M even, and by ¢, and — &, for S — M odd.
@, forms the base 4,,if k + 1 — S'is even, and the base 4,, if k + 1 — S is odd.

If M is a positive half integer, then the standard base Ej,, where | = M + 1,

is formed by the functions ¢, and ¢, for S — M odd, and by ¢, and — P, forS — M
even.

Kramers conjugation. A special and important case of the transformation of the
functions |a)SFMm> is the transformation at the Kramers’ (complex) conjugation.
From the properties (6) of the coupling coefficients <abij | ck)> and the properties
of the Wigner (Clebsch-Gordan) coefficients <S;S,M M, | SM it is possible to de-
rive the following equations for the functions ]wSFMm):

|@STMmy* = (—1)}/2N="5*M|ST — M- m,
oSTMm|* = (=1)/*¥=S~M(pST — M — m|. (11)

Particles and holes. For the particular calculations it is advantageous to know
how the expressions for the matrix elements of the one-electron operators and of the
electron repulsion operator change on passing from the d" to the d'°~" electron
system. According to ref.?, p. 245—256, we can generalize the formulas derived
for the coupling of two configurations (} and ™ configurations) to obtain formulas
for the coupling of three configurations (€32, a’°, and €' configurations).
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dl-, d*-, d%-, and d°-Sandwich Complex Compounds 1835

The relations between the wave functions in the R and L states can be expressed
with the aid of the functions y;(n,S,I";) and p,(n,S,TI,) as follows:

[€53(S,T,) a(SoT ) €1(S1 ') STMm)y = (= 1)rametmamtnontyy (n,S,T5)

1i(ny S,y [€%(S,1,) a*(Selo) €1'(S, I'y) STMmy . (12)

Here unS;I')) = —1for S;I'; = >A4,, 'E,; and n; = 2, otherwise y; = 1 (i = 1,2).

For the matrix elements of the one-electron Hermitean operators U, formulas
can be derived which bind the matrix elements corresponding to N-electron wave
functions in L states with those corresponding to (10-N)-electron wave functions
in R states. Since the wave functions in Table I,and the general wave functions
formed from them are Lfunctions, we rewrite the corresponding formulas usmg Eq.
(12) directly for Lstates:

<n2n0n1| U|n;n6n;> — _,,,(_I)nzn0+nzm+nom+n’zn’o+n'2n'1+n'on'1 #z(nzszl—'z)
/‘2(”/28’2F/2) ﬂ1("1S1F1) Hl(n;S;r’i) .
K4~ ny2—ng, 4 —my| U4 —ny, 2 — nj, 4 —npd (13)

for nondiagonal elements, and

{nyngny| Ulnyngn > = C — <4 — ny, 2 — ng, 4 — ny| U4 — n,,
2= ng, 4—n) (14)

for diagonal elements. Here

|xyz) = |e3(S,T,) al(Solo) €5(S, T'y) STMmy,, (15)

and analogously for the primed functions; # = #1 according to whether the Hermi-
tean opcrator U changes its sign in the complex conjugation

Ut = U = yU*. (16)

Hence n =1 for U = V,yand U = #, n = —1 for the operator L and S. C is
a constant independent of the functions |nynon, ». For U = 5, is C = 0 so that the
diagonal matrix elements of the spin-—orbit interaction are zero among the wave
functions corresponding to the configuration (ega}ef).

It was proved by Griffith® (p. 256) for the electron repulsion matrix elements that

a) the nondiagonal matrix elements of a (10-N) electron system in the R state
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are equal to the corresponding nondiagonal matrix elements of an N-electron system
in the Lstate,

b) the diagonal matrix elements in these states can differ only by a constant which
is in the approximation of “‘pure” d functions the same for all configurations in the
given N-electron system.

These conclusions remain valid also in the case of axial symmetry; the passage
from the matrix elements in the R state to those in the Lstate can be easily performed
according to Eq. (12).

It should be noted that the above conclusions as to the relations between the par-
ticles and holes are valid both for the complex and real coordinate systems, i.e., for

= +1, 0 and for m = ¢, s, ¢t independent of the way of coupling of the quantum
states S,I';, SoI'y and S, I,. d

MATRIX ELEMENTS

The application of the Wigner—Eckart theoreme®+*>~3*® to the operators #, and J#,
requires that the operators of which they are composed have the correct transforma-
tion properties. It follows from the transformation properties of the operator of the
angular momentum, |, that the following operators are transformed according to the
standard representation of the group D, ;:

|f1=__15|+, 15 =——-1,—|_ I =il,. (17)

These can be treated by the formalism using the Wigner—Eckart theoreme generalized
for point group?*°'7. As far as the spin operator s is concerned, it is preferable
to make use of its properties as of an irreducible tensor operator of the order
one®-%:33 739 rather than to define the operator s!:

1 1
sP=— —s*, sy ="

7 P s =s,. (18)
N

3

We shall further define the operators V as*
Voo(14,)

L0 s570) 1°(0).
é(r ) S0 1240,

1 —1(1E1) =

V_,,(1E) = Z E(ry) s 12(0), (19)

* In the case N = 1 the symbol V will be replaced by v.
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d'-, d*-, d5-, and d°-Sandwich Complex Compounds 1837

so that
Hyo = (—1)Voo(14;) — V_ (1E)) + V; _,(1E)). (20)

From this and the condition of invariance of the reduced matrix elements follows
the expression for the matrix elements of the operator #,,:

(@STMi| # |0’ ST'M > = (—1)°7 {(_i)<—1\j (1) z\i) Y (—T f34> ’

(wST | V(14,) | @'S'T") + <wST | V(1E,) | &'S'T") .

(S US\y(TTEN [ SUS\, 0 TT BN o
-M —-1M —i j 1 -M1M —-i j-1
With the aid of Eq. (11) we obtain

('S’ | VAT) || STy = (—1) S+ ST | VAT) | 'S,

where I’ = A,, E,. The calculated nonzero reduced matrix elements of the operators
(19) for N =1 and 2 are given in Tables IIl and IV; the rernammg ones are calculated
according to Eq. (22).

Analogously, the operator J#, can be rewritten as
H, =P {:szSZ + H*S™ + H™S* — [iH,L32 + — N (H*L2, + H™ LE’)]}
(23)
For the reduced matrix elements of the operator I} we have
a [ 1] b = V2f3 kala' Ga [ V(D) [ 167, (24)

where k,, are the so-called reduction factors (ref.?, p. 284) corresponding to the
configuration ab, and {,, is given in Table III. The reduced matrix elements of the
operator of the total angular momentum, L, for N = 2 are given in Table V. The
remaining nonzero reduced elements are calculated as

(o'ST | LT | oSry = (=) " T osr | LT | o's'T') . (25)
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TasLE 11T
Reduced Matrix Elements® (Lafv(11)|| 15>

< Jerllvtdy)l de> = 2./38,,, < fe[vlA4)| de; = \//3 L1t
< e IVAED| de,0> = —i6L1,, < de[VAED] da, = 3i{,

9 ¢, represents the integral of the radial parts of the functions |a m,», |b m,» and function

&) h? .

K ]\ 2
— o2 T |2
g CCLE AN
e E'/" | .
AL e 4 g5 g
WDE T T e ’
£
P T E/
; gy ©
1 !
/31(} !
i
Ao
1___ _______ ‘—1/ N ~ ‘
(a})24, T_E—é— e 3 |
doz £ |
L 2
612)252\ RS /i
£y T : T g :
g — (e5afed?E, "o Lk 2
3] ’—?
Z —~
Ly
FiG. 1 Fic .2 .
Energy Levels of a d'-Electron System in the Energy Levels of a d”-Electron System in the
Field D, Field D 4,

The matrix elements of the operators #, and J#, for N = 1 and 2 were calculated
according to Eq. (21) and an analogous one for #, with the use of Tables III—V,
tabulated 3-j coefficients*® and V coefficients®. For N = 8§ and 9, the matrix elements

* The matrix elements of the electron repulsion operator are for N = 8 given in ref.1#,
To avoid a discrepancy in phases, the sign of the matrix element (3 [ 6) = (4 | 5) was changed.
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d'-, d*-, d®-, and d°-Sandwich Complex Compounds 1839

were obtained from Eqs (13) and (14)*. The results of the calculations with the oper-
ator J#, are shown schematically in Figs 1—4; in Figs 3 and 4 only several lowest
energy levels are indicated. In the left part of these figures, the influence of the ligand
field without the spin-orbit interaction is visnalized, in the center and in the right
part with consideration of this interaction in the first and higher-order terms of the
perturbation theory. The energy levels are indicated only schematically, without
a scale, and the index g with the level symbols was omitted. In the first approxima-
tion of the perturbation theory, we have Ay, = 4,5, = 4Ds — 5Dt, A,y = Ay =
= —Ds +10Dt, A = —4,, + 12B, § =4C,and d = 6B + 2C.

MAGNETIC SUSCEPTIBILITY

To determine the relative order of the energy levels, it is necessary to know all para-
meter values on which this energy depends. Usually the general parameters of the
electron repulsion®® are reduced to three Racah parameters A4, B, C, and the general
parameters of the spin-orbit interaction?”?-* to one, {. Their values (except for those
expressing a part of the energy level shift that is for all levels the same) are deter-

(e5aZe4, T
291674 vy
SELTT
/7 3(2606n)
(32 E5 1T
e - EAETEIN 30
- R N
He)h, AT I Eea
! e A‘+A2$.§J’ ) A,
(ale¥E b frey E,
E 2 T,
! (aTellE, B2
‘ £ £
L R }
e, AprEy T yi
1
14 — d
| e B3 T
L 22 £3
elaPE~ £y e :
2 \]‘522 i E, ] £
1o . R =3Il
3 (e;a]2 YA, A+ £y 7
Fi1G. 3 Fic. 4
Energy Levels of a d?-Electron System in the Energy Levels of a d8-Electron System in the
Field D, Field D,

Only several lowest levels are shown.

Only several lowest levels are shown,
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1840 Cerny :

mined together with the ligand field parameters from the absorption spectra of the
corresponding compounds.

An independent criterion for the correctness of the chosen assignment and certain
calculated parameter values is the measurement of the magnetic susceptibility and
comparison of the experimental curve of the effective magnetic moment with the
theoretical one. Expressions for the magnetic susceptibility for individual N values
can be obtained from the knowledge of the matrix elements of the operators 7, and #
by the known procedure!-2:* *

N = 1. According to Fig. 1, the ground level of d' sandwich complexes is the
?E,, level, closely above which is the A4, level. If the interaction of the spin-orbit E}
levels corresponding to the *E,, and 'E,, terms is neglected, the following formulas
are obtained for the uﬁ and y? components of the effective magnetic moment 2 =
= (uf + 2u3)[3 of the ground level *E,,:

ph =3+ e ) (e +e7¥), pui=3("—e)/(xe" + xe7¥), (26)

where x = {,,/kT. Assuming that the near levels *E,, and *4,, contribute to the
magnetic susceptibility, we can write

ui =3+ 9%+ e (e + e + ),

pi =3(e* — e N)/x(e* + e + ™), (27)

where C = 4,,/(,, and 4, = E(a;,) — E(e,,). From these equations it follows
that uﬁ and u? increase with increasing C and approach the values from Eqs (26).

The dependence of y, u., and y ¢ on 1/x = kT|{,, is shown in Fig. 5. The case
C = 0 corresponds to degeneration of the 2AIg and 2EZg levels. According to a rough
estimate based on the values of Ds and Dt found for nickelocene!*, vanadocene!®,
and ferrocene?®, and on the spin-orbital parameter { for Ni(Il), V(II), and Fe(1I)
(ref.2, p. 437), the parameter C should be in the interval (5,50). However, as can be
seen from Fig. 5, the curves calculated from Egs (26) and (27) in the interval 0 <
< I/x < 3 for C as small as 5 practically coincide, so that the contribution of the
2Alg level to the total susceptibility for C = 5is in this interval very small.

According to Wilkinson and Birmingham*?, the cations Ti(CsHs); and V(CsH;)**
belong to d! metallocenes. The measurement of the magnetic susceptibility of the
former in the form of picrate yields*! the value of 2-30 BM for its effective magnetic
moment at 298 K, and in the case of [V(CsHj),]Cl, 1-85 BM. For the Ti** and V**

* In all cases discussed below, it was assumed that the influence of the Jahn-Teller effect
on the orbitally degenerated ground states is negligibly small, and the reduction factors &k, were
set equal to one.
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ions, the values of { are given® as 150 and 250 cm ™!, respectively. The decreasing
of {-value by complex formation suggests rough estimates of {(Ti**) ~ 100 cm™*
and {(V*") =~ 200 cm ™! leading to x ~ 0-5 and x ~ 1. Introducing these values
in Eqs (26) we obtain p.; = 224 BM and 1-86 BM, respectively. Although the
agreement with the experimental values is good, it would be necessary to compare

FiG. 5
Dependence of Magnetic Moment pi g, 1t I and g, for a d'-Electron System in the Field D,
onlix = kT/{;, and C= Ay,/{5,

Limiting values for different u are given on ordinates.

(o]
L)
o
o

&

D

>

FiG. 6
Dependence of Magnetic Moment g, #y and g, fora d°-Electron System in the Field Doy
onl/x= kT[{
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TaBLELY

Nonzero Reduced Matrix Elements of the Operator V for a d*-Electron System®

«"%) 3A2 Il V(lAz)H(e%) 1A1>
D) 24, VA ) 14,

= V22

= V11

{(ee) *EL|IVUA) | (epe,) *Ey > = 55 — vy
(e2e9) *E; V(A (eze) Ey ) == (vay -+ v11)//2

{leye)) *E5IV(1A4,)|| (eze) *E5y

= vy F Vg

{lege;) *E; VA (ere)) TE3D = (va — vy /N2

{(eza,) *E, | V(14| (e20)) °E > = v,
{leya1) *E, | V(14 (ea) ' E,) = v,5,//2
{aye) *E VA (aye) *Ey Y = vy,
{layep) 3]51 VA (agey) 151> = —v11/4/2

leyay) “E, | VAE|| (ayey) *Ey )

= vzl/\/Z

{(ezay) 3E2 IVAE)) || (ae0) 1E1> = "21/\/2

{(epay) *E, [VAEY| (age) *E;>

((ej,’;) 3A2[iV(1E1)H (eze0) 1E1>

Va1

= —v31/\/2

(D) A, |VUED|(ee) °E ) = vy

((e%) 1A1HV(1E1)H (ex¢y) 3E1> = v,,/4/2
(D 'EVAED] (epep) *Esy = vy
{lezey) 1E1 [VOED] (eh) 3Az> =,1/\/2
{lezey) 3E1 [VAED] (e%) 3Az> Vo
{ee) *EL|VUED| (e 1 4,> = vyy//2
{ese) PE5|[VAED| D E)> = vy
L(aye)) *E VAED| @D 4> = —vy,
D A |VUED| (e "By = ~vyo//2
(D A, |VUED]| (@e) °E; > = —vi,
eD) "4, [VAED| (@1e0) *E; > = —v0/4/2
{e 1521§V(151)” (ayep) 3E1> = V1o
Leze)) 'ELIVAED] (e8) *Ey) = vio//2
lezey) *E(|VUED | (eza)) 'Ey> = —v, /2
(leye)) E,[VUED] (e20)) Eyy = vy,
{lezey) 1E3HV(1E1)“ (eay) 3E2> = vio/v/2
{leye) PES[IVAED || (e30)) YEy> = —v4//2
leye) *ES|VUE| (eze) *Ey) = vy

“yyy = (LesfiviiAy)]| ferd, v = (e IvaAp) | Jey>
V21 = GeylIvAED] e >, vig= {Ee A ED) fa>
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the dependence of the magnetic susceptibility on temperature with the functions
(26) or (27) before a final judgement could be made.

N = 9. The distance of the ground level *E,, (Fig. 2) from the A4, and *E,, levels
enables to arrive at the following simple equations for the magnetic moment com-
ponents:

wh = 12)(1 +e7%), uf=6(1—e)x(1+e7), (28)
where x = {;,/kT. The dependence of Ky 1y, and peee On temperature is shown

in Fig. 6. It is interesting that the magnetic moment is almost independent of tempera-

TABLE V
Nonzero Reduced Matrix Elements of the Operator L for a d2-Electron System?

{(e3) E4||L42]| (e3) EyD = 2y, = 4 /2ky,
{(e}) Ey[W*2] (e Ey) =2y, = 242k,
{(eyey) Eq|[L42][ (ege) EyD = Ayy — 4y
(lese) B3 (L2 (eze)) E3d = Ayp + 444
{(eze1) E5[ILA2] (eza)) Ey) = 15,

{(agey) Eq|LA2] (aye) Ey D = A4,

(D) ALILES | (ege) Eyy = 2yy = 2iky,
<(e§) AZHLEl” (eze)) E1> = Az
{(ed) E || LE ]| (ege) B3> = /245,

(D A (e S = —ia,
() A (e By =~y

{eD) E,ILE ] (egey) B3y = — /24y

{eay) E5|LE| () B> = — 1y,
{(aje,) Ef|ILE (e 4, = gy = —i+/6kg,
{(age) Eq LB (e]) 4,> = 294

{aye)) E LB D) En) = /24,

@D AL |LE | (age) Eyy = /2hg,

{(ezay) Eq || LE'” (ee) Ey) = Ao,
{(ezay) E, | LF | (eze)) Esy = 4oy

i =Ll ey, Ay = el 6D,
A1 = <"2”|E‘“ e, Ao =< ”'El” €.
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ture range, its value (~2 BM) exceeding somewhat the pure spin value (1-73 BM).
N = 2. The situation is more complicated with d* sandwich complexes, for which
the Tanabe-Sugano’s diagrams'? indicate that the ground level of these compounds
is according to the values of Ds/B and Dt/B either the *E,_ or >4, level. If the lowest
one is 3A2g, then the magnetic susceptibility is in the given approximation expressed
by the “spin only” formula. In the case of the 3Ezg ground term the components
of the magnetic moment are given by the equations

ph=12(1 + 4”1 + e+ e, pf =120 —e N)/x(1 +e* +e7),

(29)

where x = {,,/kT. If both 3A2g and 3EZg levels contribute to the magnetic moment,
Eq. (29) takes the form

i =121 +de™ + e ) (1 + ¥ + e  + 37,

pp = 12(e" —e ™ + xeTM)/x(1 + e* + e + 37, (30)

where C = 4/(,, (4 = E(*4,,) — E(’E,,)). In the approximation neglecting the
interaction of two3A2g terms we have 4 = —A4,, + 12B. If this interaction is taken
into account then the function of the ground state is given as [*4,,Mm)> = al(e3).
A, Mm) + bl(e}) *A,,Mm), where a® + b*> = 1. From Tables IV and V and
from the exclusion principles for S then follows that the matrix elements of the
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FiG. 7
Dependence of Effective Magnetic Moment g ¢ for a d?-Electron System in the Field D,
onl/x = kT/;,,and C= 4/{,,
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operators #,and #, between the functions |*4,,Mm) and |*A,,M'm’}, and between
the functions |*A,,Mm) and |(e,a,) *E,;M’'m’> do not change. Therefore, also
in this case Eqs (30) remain valid, but 4 is different. However, for a rough estimate
of the parameter C with the use of {, Ds, D¢, and B the original 4 value is sufficient
and leads to the conclusion that C is in the interval (—35, +5).

The analysis of Eqs (29) and (30) yields certain general results. In accord with the
physical concept, Eq. (30) with increasing C takes the form of (29), and with C
decreasing to — oo it gives ul = u? = pZ, = 8, a pure spin value. In the point T = 0,
the quantities u{, u7, and uZy attain the value: 8 for C <1, 24/5 for C = —1, and 0
for C > —1. At very high temperatures, ] approaches 16, ui 8, hence pZ; 32/3
regardless of C, but for u determined by the formulas (29) uj approaches 20, u} 8,
hence uZ2; 12. However, for large T values the given approximation is not justified
since the occupation of different energy levels with electrons becomes equally
probable for all levels; moreover most compounds decompose at elevated tempera-
tures. For this reason we shall consider such an interval of temperatures where the
highest value of 1/x is 5—6. In Fig. 7 is shown the dependence of pi g on 1/x for
C = 44, £2, +1, and 0, and the dependence calculated from Eq. (29). From this
and the above statements it follows that it is not possible to decide from the course
of ji¢c at higher temperatures whether the ground state is the term 3Azg or 3E23,
neither their mutual distance can be estimated. This information can be obtained
only from the course of y ¢ at temperatures close to the absolute zero.

FiG. 8
Dependence of Magnetic Moment p.g, uy and g, for a d*-Electron System in the Field D,
on kT{{,, and C= 4/{5,
pure ground term 3E2g'
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It is interesting that the crossing point of the effective magnetic moments with
different C values is independent of C and is given by

x = 4sinh x/(1 + 4sinhx). (31)

If the value of x calculated from this equation is introduced in the expression for
12, the effective magnetic moment is equal to the pure spin value, 2 N/2, independent
of C.

An example of d* sandwich complexes is V(CsHs); whose measured magnetic
moment is 2:86 + 0-06 BM (ref.*?). An estimate of the parameter { for this ion leads
to kT/{ = 1-'1—1'4 at room temperature, i.e., close to the crossing point given
by Eq. (31). Therefore, it is not possible to make conclusions®? from the experimental
Jerr value at room temperature as to whether the ground state of the V(C;Hj);
ion is the 3AZg or 3Ezg state. To get the answer, the knowledge of the whole de-
pendence of u.¢r on temperature would be necessary.

TaBLE VI

Energy Levels in Ni(C5Hs), for { = 350 em™ ! and 600 cm ™~ 1
In each case was B = 580 cm™ !, €= 3975cm™ !, Ds = 3290 cm™! and Dr = 1695 cm ™%,

Calculated, cm ™!

Term Level : Experiment!#
£==350cm” ¢ =600 cm™!
3
Az Ap, 0 0
Ey, 90 257
E,, Ejq 11535 11 445 11720
*E,, Ey, 14 285 14 280
Ey, 14 419 14 460
Agg 14 600 14775 14 400
e 14 605 14 780
‘Ey,  Ey 16 395 16 065
Es, 16915 16:950 16 900
Eq, 17 465 17910
1
Ay, A5, 19 160 19170 19 150
YEy,  Ey, 23250 23170
Ei, 23 370 23 315 23 450
2e 23 605 23 780
' 23 625 23 830
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In addition, in Fig. 8 is shown the dependence of 4, t,, and yi.(¢ on temperature
for C = 0 (degeneration of *E,, and *A4,,), C = —4 (practically pure ground term
*A,,), and C — oo (term *E,,). Also here the crossing point of the components
¢y and g, for different C values is independent of C and given by the equation
x(1 + 4e™*) = 2sinh x.

N = 8. It has been stated unambiguously that the ground state of d® sandwich
complexes is the 3A28 state and that for real values of the parameters B, C, Ds, and
Dt this state is sufficiently far apart from the nearest higher excited states so that
the magnetic susceptibility is as a good approximation given by the “spin only”
formula. Similarly as with d2 sandwich complexes, this fact is not altered even by a mu-
tual interaction of two >4, terms.

The d® sandwich complexes are theoretically interesting since their representative
is nickelocene whose absorption spectral’ ~!* and magnetic susceptibility!!12-32
are known and have been studied theoretically. For this reason we calculated the
spin-orbit interaction and magnetic susceptibility for nickelocene and compared
the results with experiments.

The calculations were based on the assignment in ref.'*, whence the parameters
B, C, Ds, and Dt were taken. The parameters {,,, {5, (32, and {,, were reduced
to one parameter { and the secular determinants corresponding to the matrices
A, E, E,, E,, E,, and A, of ranks 7, 7, 6, 3, 2, and 2 were solved with the given
B, C, Ds, and Dt for { = 325, 350, 375, 400, 450, 500, 550, and 600 cm ™~ !. The results
for { = 350 and 600 cm ™! are given in Table VI; it is seen that { has only a very small
influence on the position of the levels and that an increase in { causes a larger dif-
ference between the highest and lowest levels originating in a common term 271,

Since in the envisaged approximation the expressions for the magnetic susceptibility
lead to the ““spin only” formula, which is for Ni(CsH;), a good approximation
up to about 70 K!!, to describe the whole dependence of the magnetic susceptibility
on temperature it is necessary to consider also the contributions from the excited
levels by diagonalization of the complete spin-orbit matrices. This was achieved
by the previously described method*®. The calculations were performed for { = 350,
500, 550, and 600 cm™ ! and for k,; = k,, = ky, = k,y = k =05,06,07,08, 09,
and 1. From the obtained matrices of the rank 45 it is always possible to separate
a 3 x 3 matrix corresponding to the lowest levels A, and E,:

13,14

‘ fBH* BBH™ |]4,0)
LﬁBH— D+ pAH, - 0 - |[E 1)
BBHY 0 D — pAH, | |E, —1). (32)

where A and B are linear combinations of coefficients a; corresponding to the spin-orbit
function |4, 0> and b, corresponding to the functions |E; 1> and |E;, —1), and D
is the distance between the levels A, and E,. Although the susceptibility was calculated
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with regard to contributions from other levels, it turned out that they are negligible
regardless of the values of { and k (at temperatures close to normal, the values
of pi4¢ involving the mentioned contributions differred from those calculated only
from the matrices (32) by not more than 0-03 BM). This result corresponds fully
to the fact that the ground term 3A2g 18 enough far apart from the nearest higher
terms 'E,, and 3E1g. A comparison of the matrix (32) with that corresponding to the

spin Hamiltonian
Hs = g\BH.S, + 39, p(H'S™ + H'S") + D[S; —345(S + )] (33)
enables to calculate the parameters* g, g,, and D:

1 is gy =199, g, =2208

for { =600cm™! and k
and D =2572c¢m™?,

for {=350cm™ and k=1 is g, =2:001, g, =2124
and D= 904cm™ .

The course of the obtained magnetic susceptibility (or effective magnetic moment)
is shown in Figs 9 and 10 for the case { = 350, 550, and 600 cm ™! at k = 1. In Fig. 11
is shown the influence of the parameter k on the magnetic susceptibility at low tem-
peratures for { = 600 cm™!. It is seen from our results that the experimental values
of the magnetic susceptibility!?-32 are well approached at the given B, C, Ds, and Dt

I . T ! ; T
| ]
Fe I}

o £=3507".7 |
550" ‘

600" |

150 200 7oK 250

FiG. 9

Dependence of Calculated Effective Magnetic Moment p.¢e on T for Different { Values
Curves calculated for nickelocene; © experimental values!?,

* Prins!112 gives the following experimental values: g) = 20023, g, = 2:06 - 010, and
D =256+ 30cm 1,
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values for ¢ ~ 550—600cm™! at low temperatures and for ¢ ~ 350cm™!

above 70 K.

We shall not discuss the obtained results since such a discussion would have to in-
volve an analysis of such problems as the influence of a change of the parameters*
B, C, Ds, and Dt on the magnetic susceptibility, correlation between the orbital
reduction factor k with the value of {(Ni(CsHj),), admissibility of the reduction
of four spin-orbit parameters {;; and four orbital reduction factors k;; to one para-
meter { and k, etc. Our aim was only to show on the example of nickelocene to what
extent can the consequently applied ligand field theory explain the experimental
data even in the case of noncubic, sandwich complexes.

After the present work has been completed, the author became acquainted with the
recent paper of Warren** dealing with the spin-orbit interaction of certain sandwich
complexes. Since Warren in his paper did not indicate explicitly the matrix elements
of the spin-orbital interaction (we do not have the Appendix)and since he probably did
not distinguish in the Appendix the individual parameters {;;, the Tables III and 1V
in the present work were not deleted. Warren’s discussion concerning the assignment

751

Grmol
g

45~

40

Fic. 10 FiG. 11
Dependence of Reciprocal Value of Calcula- Change of the Dependence of 1/ for Nickelo-
ted Magnetic Susceptibility of Nickelocene, cene ({ = 600 cm”l) on I for two Values
1/x, on T for Different { Values of the Orbital Reduction Factor k
* It should be noted that these parameters were obtained by analysis of the absorption

spectra at room temperature and their dependence on temperature was not investigated. In ad-
dition, the position of the bands 3E1g~% 3A2g’ 3E3g—> 3Azg, and 1A18—> 3A2g was determined
only by gaussian analysis.
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proposed in ref.'* is studied by the author from the point of view of the magnetic
susceptibility of nickelocene.

APPENDIX

Table of two-valued representations of the double group D;Oh

: E R 2C, 2RC,

wh

Ej, 2 —2 2cosk—1)}p —2cos(2k—1)4p

Ej 2 —2 2cosk—1)1p —2cosRk— 1)1g

u

C; { Rl 2IC, 2RIC, ay

0 2 -2 2cos 2k — Dip —2cosk— 1Ly 0

o -2 2 —2cos 2k — 1) e 2cos 2k~ 1)1e O
Here k =1, 2, 3, ..., and the symbols have their usual significance. The transformation formulas

(9) are compatible to one another for S, = IC, ., and 64(£,) = ICHE, 4 (3/2))-
The decomposition of the direct product of irreducible representation of the double group
D/, to the dlrect sum of representations is given by the following rules:
X Eg=E, 44X E=E, EXE=E,.+-E_p, EXE-=
= EyqFE— for k>1, E{X Ej=E{ |+ E{_ 4y for k=1, E[x E{=
=Egp1oy b Eyon. ExX Eom= A+ Ay - Eyy, Ep o Epy=Ap - Ay + By,
where i=1lor2, k=1,2,...,1=1,2,... The subscripts ¢ and u are supplemented according

totheknownrulesg X g=u X u=g,g N u=u X g = u.
The standard base of the double group D, was defined as follows:

Cq)!Ajg,u 0> == [Ajg.u O> > C(plEkg.u =+ 1> = €Xp {‘:lkw} !Ekg,u 4 l> >

C(plEl'g,u + ]> = €xXp L+l(1'— 7) (0) !Elg u =+ 1> CZ(C ) IA >:
(D A5, 00, ChED |Bgu £ 1D ="
= (— D" Lexp {£2iky} |Ey,, + 1), Ch(& D NEl 1> =

= (-T2 exp {21 1) y}]Elg“{ 1y, I Tymy = NLymy, L, my = —|Iymy,
I Jgu0> - IA >’ RgEkgAVU :'—' 1> - [Ekg,u i 1>’ R[Ellg,u 7‘: ]> = _IEl,g,ui 1> "
Herej=1or2,k=1,2,..,1=1,2,..., = A{, A5, E,, E{ and m= 4-1 or 0.
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